This paper presents a combined theoretical and experimental investigation of fracture penetration through an interface. The results have application to hydraulicfracture containment in sandstone or limestone reservoir strata bounded by shale layers. Several simplifying assumptions and approximations are made. We assume that the interface separates dissimilar but adhering materials that are elastic to first order. We consider only differences in material properties and take stresses to be locally uniform. Approximations are made that reduce the fourth-order equation of plane strain elasticity to the second-order Laplace equation. Crack shape is taken to be sinusoidal and fluid leakoff is ignored.
Introduction
Fracture penetration through an interface is of fundamental importance in hydraulic fracturing operations. The question of how far a fracture grows vertically during a fracturing treatment is basic to all design and optimization considerations.
In a fairly homogeneous formation, such as granite, unlimited vertical growth might be expected. This would lead to a penny-shaped crack ' of the kind expected for horizontal fractures. In layered, sedimentary rock, vertical growth requires penetration through interfaces between layers. If penetration is prevented at interfaces near the injection layer, the fracture will be contained and constant height thereafter.
Constant-height fracture geometries have been assumed in most theories of fracture propagation. 2-6 Field results, notably temperature logs, have long indicated that this constant-height assumption is reasonable. Many of these logs can be explained only by the existence of some kind of barriers to vertical fracture propagation.
These considerations introduce the problem of crack penetration through an interface in a layered medium. This problem has received considerable attention already. It has been treated for both ideally elastic laminar materials and layered rock materials. Several studies have addressed the problem of a crack appr;;;!$$ an interface in a bonded-layer elastic " .
These works have focused mainly on the nature of the singularity at the crack tip as it approaches the interface. The methods used have been based on the stress intensity concept introduced by Irwin. l2 A similar approach has been used to treat the penetration problem in rock layers. Other studies have dealt with the fracture containment problem in reservoir rock by using the stress-intensity factor to evaluate penetration criteria. [13] [14] [15] Our approach is much different. We use linear elasticity theory applied along the lines developed by Griffith I6 for homogeneous materials. By introducing simplifying assumptions and approximations, we avoid the singularity problem and other difficulties associated with a heterogeneous medium. In this way we obtain a simple relation for predicting whether crack penetration will occur between bonded layers.
This approximate theory cannot serve the same purpose as the exact theory for a homogeneous medium. We have restricted our use of it to investigation of mechanical property differences only. We use relations derived from it to predict, in an approximate way, whether crack penetration will occur through an interface separating materials of dissimilar mechanical properties.
Recent investigations have indicated that stress differences between earth layers are an important source of fracture containment. l7 We do not address this problem here. Our approximate theory is not adequate to handle the problem of stress differences between layers. In our treatment the stress is taken to be equal in all layers, and, therefore, it does not appear in the results.
The various assumptions and approximations introduced into our theory must be justified. We have done this by means of direct experimental tests. The simple results predicted by our approximate' theory can be definitively tested by laboratory experiments. We have devised tests using bonded Plexiglas and resin models to represent interfaces of the type considered in the theory. Laboratory tests of this kind have provided at least a qualitative verification of the approximate theory. Earlier experimental tests are also consistent with our theoretical predictions. **
Theory
We consider the practical field problem illustrated in Fig. 1 . A hydraulic fracturing treatment is carried out through perforations or other means of fluid entry in a 858 selected layer of reservoir rock. This layer, labeled Medium 1, is typically a brittle sandstone or limestone. As the fracture propagates both laterally and vertically, it approaches overlying and underlying interfaces with Medium 2, which has mechanical properties different from Medium 1. In typical cases, Medium 2 could be a shale. Using the coordinate system shown in Fig. 1 , we take the boundaries between Media 1 and 2 to lie in the y-z plane. We wish to know what conditions are required for penetration of the crack through the interface.
In our treatment, Media 1 and 2 are both taken to be orthotropic elastic materials with elastic symmetry about the x and y axes. We ignore leakoff of fluid through the crack faces. We also take fluid pressure in the crack to be uniform, ignoring the small variations that would result from fluid flow during crack propagation.
Approximate Elasticity Theory
We consider the plane-strain problem in the x-y plane. The displacement vector field is denoted by u and v with strain components The corresponding stress components are denoted by uxr, uyy , and uXY, respectively.
To reduce the problem to one that is tractable, we introduce certain approximations in the plane-strain analysis. We first assume that the stress produced by the crack in the direction of propagation is negligible-that is, urr ~0. We also assume, along the same line of reasoning, that au/ay4av/ax. Appendix A shows that these approximations reduce the fourth-order biharmonic equation of classical theory for plane strain to the Laplace equation, a2v a2v 2+7=0. Eqs. 2 through 5 provide the basis of an approximate theory for treating the crack-penetration problem. As a test of this theory, we have applied it in Appendix B to the classical Griffith crack problem i6 illustrated in Fig.  2 . In this case, it gives exact agreement with the classical result when the medium is incompressible (i.e., v = l/2). For v < l/2 the result is only approximate, with the error increasing as v decreases.
Sinusoidal Approximation
Before treating the crack-penetration problem, we determine the conditions for crack propagation in Medium 1, which is taken to be isotropic. We consider a solution 4, satisfying Eq. 2, which is sinusoidal along X, and given by This amounts to assuming a crack shape that is sinusoidal rather than elliptical. The crack length 2c is taken to be the half wavelength of this sinusoidal shape as shown in Fig. 3 A uniform pressurep I is now applied inside the crack. The sinusoidal solution (Eq. 6) can be used with the principle of virtual work to determine the approximate pressure p 1 required to extend the crack just a bit. The procedure is outlined in Appendix C. The approximate extension pressure obtained in this way is
where S, is the energy required to produce a unit area of crack surface in Medium 1. Appendix C shows that a correction factor of 1.23 is required to bring this result into agreement with the one derived by Sneddon and Elliott I9 for the classical Griffith problem.
Penetration Through an Interface
We consider now the problem of crack penetration as illustrated in Fig. 1 . A crack of height 2c is present in the perforated interval with elastic constants N 1 and G 1. The upper and lower tips of the crack are located at the two parallel interfaces normal to the crack and separated by the distance 2~. The interfaces form boundaries with an outer material with elastic constants N2 and G2. Our purpose is to derive the conditions that determine whether the crack will propagate across the interface.
We locate the origin at one of the vertical tips of the crack and assume a sinusoidal shape with P given by Eq. 7. We assume that, across 2c, this sinusoidal shape is still preserved after the crack penetrates the interface and extends into Medium 2 by a small amount.
Consider a small penetration into Medium 2 by a distance b as shown in Fig. 4 . Although the crack across 2c is still sinusoidal, it has a new value of P that must be determined. Eq. 9 corresponds to a function 4 given by Also at the interface x=2c, the shear stress given by Eq. We now introduce another approximation. We replace Medium 2 by a layer of the same material of thickness b and assume that this layer adheres to Medium 1 at x=2c and to a rigid base at x=2c+b.
The shear 'stress in this layer is given by eXY = -G, (v/b) . (26) the crack will be confined to Medium 1. In this case, penetration will occur only if the pressure is increased by the ratio given by Eq. 24. The absolute pressures given by Eqs. 8 and 23 are approximate because of the many simplifications required in the theory. However, correction factors for both equations should be about the same. Therefore, errors in the ratio should be small.
An additional result that tends to confirm the analysis is obtained by letting the interface disappear. If we take S2 =Sr and G2 =Gt , Eq. 22 reduces to PI*= S,a3JN,G,
16(c+b/2)
This is the same result obtained by replacing c with c+bL2 in Eq. 8.
Experimental Verification
The results predicted by Eqs. 24 through 26 have been tested by means of simple lab experiments. One type of experiment is illustrated in Fig. 5 . Blocks made of bonded dissimilar materials were prepared in the form shown. The materials used were Plexiglas and a hard brittle resin with the trade name Stycast.
Blocks were made from either Plexiglas or resin as the inner Medium 1. When Plexiglas was used, the outer Stycast was bonded to a 2.5~ X4X4-in. [6.35 x 10 x lo-cm] milled Plexiglas block by use of a form for pouring the initially mixed resin and hardener. After setting up, the resin faces were milled to the final compound blockdimensions, 2.5~6~7 in. [6.35 X 15.24 X 17.78 cm] . When the materials were reversed, the blocks were made by milling the outer Plexiglas part and filling in the inner Stycast by pouring the resin into a form. The resin faces were then milled to the proper dimensions after setting up.
The inner material was notched for fracture initiation. [1.27x0.635-cm] brass disk was epoxied into this recess. The solid disk was cut in half by the slitting saw during the notch-cutting operation. The half disks served as plates of a capacitor that was connected by soldered wire leads to a capacitance bridge. The bridge measurements gave the spacing between the plates during crack growth, which served as a measure of crack width at the crack entrance.
The Plexiglas/resin block was mounted in a servocontrolled hydraulic press to apply a small stress on the end face containing the notch and its opposite face. A second hydraulic press was positioned inside the posts of the servo press to apply a small stress to the other pair of end faces perpendicular to the notch. No stress was applied to the remaining side faces, which were parallel to the plane of the notch. These conditions favored propagation of the crack in the plane of the notch.
The press platen bearing against the notched face included an injection system for injecting grease into the slot. This platen contained an O-ring groove that was rectangular with rounded comers. A standard O-ring was used in this groove to form a seal with the milled sample block face. This seal extended past the Plexiglas/resin interface far enough to maintain sealing during crack propagation in the Plexiglas.
Grease was injected into the notch by means of a modified Ruska pump connected to the injection system through stainless-steel high-pressure tubing. The crack width was monitored by recording an error signal from the capacitance bridge. Details of this technique are given elsewhere. 2o The crack length was observed visually and recorded in some cases by a motion picture camera. The injection pressure was measured by a transducer mounted on the injection plate.
This arrangement provides a simple experimental model for testing the theoretical predictions of the preceding section. A test of Eqs. 24 through 26 required values of the shear modulus, G, and surface energy, S, for the Plexiglas and resin materials. These quantities were determined by established methods.
The shear modulus was determined from stress/strain data by strain-gauge techniques.
Cylinders of l-in. [2.54-cm] diameter and 2-in. [5.08-cm] length were machined from blocks of the Plexiglas and resin materials used in the crack propagation experiments. Standard SR4-type 120-Q gauges were bonded to the surface of each cylinder with Eastman 910TM adhesive. We used prefabricated right-angle patterns for simultaneous measurement of longitudinal and circumferential strains. Gauge patterns were mounted on opposite faces centered on the cylinder length. Strains were measured with Daytronic Corp. Type 90 input modules in transducer conditioner panels. An aluminum cylinder was used as a standard to check gauging procedures, sensitivity settings, etc.
The stress/strain data were obtained by applying step loads of approximately 250, 500, and 1,000 lbm [ 113, 218, and 454 kg] to each cylinder. Over this range the longitudinal and circumferential strains were linear with stress. However, under each step-load application, the strain responses for both Plexiglas and resin cylinders were characteristic of slightly viscoelastic materials. The aluminum standard showed purely elastic response under the same conditions.
The elastic constants were obtained from the relations 
(27)
Results for the Plexiglas and resin materials are given in Table 1 . These results are averages of five sets of measurements with standard deviations as given. The surface energies were determined by a method described by Gilman. *' This is only one of several methods described in the literature for measuring surface energy. 22-24 We chose it over others because it is simple and direct and, for our purposes, gave acceptable reproducibility of results. Fig. 6 illustrates our experimental arrangement. Cleavage bars with the indicated dimensions were milled from the Plexiglas and resin blocks used in the fracturing experiments of Fig. 5 . A servo-controlled hydraulic press was used to load the bars in tension. Pins mounted in the end holes were connected through swivels between the movable ram and a load cell mounted on the press frame. The ram was moved at constant rate by using a ramp-controlled linear variable displacement transformer (LVDT) as the sensor for the servo system. The same LVDT was used to record displacement, 6.
A sharp blade was used to cut a notch in the 0.125-in.-[0.3175-cm-] wide face in which crack growth started. A tensile load T was applied at a rate of 300 to 500 g/s until cleavage of the bar began. The load was then immediately reduced to zero. This usually produced an initial crack '/2 to 1 in. [ 1 to 2 cm] long corresponding to L = 1% to 2 in. [4 to 5 cm]. This L value was measured and the tensile load was again applied at the same rate as before. The tensile load at which crack growth started a second time was determined and recorded as F. These values of In resin samples, the appropriate value of F was well defined as illustrated in Fig. 7a . The second loading of the initial crack produced a sharp break in T that usually propagated the crack to the end of the bar. In Plexiglas samples, F was less well defined because of a tendency of the crack to grow out of the slotted plane of width w. The cause is not clear but may be associated with residual strains induced during fabrication. Typically, after departing from the slot the crack traveled slowly over a curved surface and bent back into the slotted plane, usually over a distance of % to 1 in. [ 1 to 2 cm]. This deviation produced results like those shown in Fig. 7b .
The crack growth outside the slotted plane clearly required higher tensile forces than growth in the plane. However, this presumably would be of little consequence if the initial break in F occurred while the crack was in the proper plane. We rejected all measurements where this was clearly not the case; nevertheless, our results were probably influenced by this effect in most measurements. Thus, F values for Plexiglas are likely to be too large, on the average, and surface energies in error on the high side.
The values for Y in Eq. 26 were determined from three-point bending measurements on bars of the resin and Plexiglas materials. These values were found to be in good agreement with E values from strain-gauge measurements. Table  1 gives deflection data from repeated measurements and the surface energies computed from them using Eq. 28. Standard deviations in the results are also given. The surface energy of the resin is considerably larger than that of Plexiglas. However, the shear moduli are, unfortunately, about the same. Therefore, while experiments with these materials provide a good test of surface energy effects, they give little information about sensitivity to shear modulus.
Applying the results of Table 1 to the experiment of Fig. 5 for the case where Medium 1 was Plexiglas and Medium 2 was resin, we have to compute the surface energy S.
&&=1.54 S,G, In this case our theory predicts that a crack initiated in the Plexiglas and propagated at a slow rate should stop at the resin interface and remain stationary until the pressure has increased by the ratio
E=J1.54=1.24. PI
At the pressure ~2, breakthrough should occur into the resin.
To test these predictions, we conducted fracturing tests in several of the models of 
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Qualitatively, the events in Fig. 8 are in striking agreement with theoretical predictions. As shown in Fig. 5 , following initiation, the crack grew both laterally and vertically through time t3 to reach the resin interfaces on each of the Plexiglas faces. During this period, the crack width grew slightly, and the injection pressure declined slowly.
At t3, the injection pressure had become almost constant at a value we call p ,. Since crack growth was so slow, p 1 is only a little higher than the static pressure of Eq. 8 required to extend the crack a fraction.
Following t3, the crack moved to fill out the square profile of the Plexiglas and then remained stationary at the interface. At this time the injection pressure began to increase and the crack width grew at a much higher rate. At t5, after the injection pressure had more than doubled, the crack broke through the interface. On a quantitative basis, the p2 /p I ratio is considerably larger than predicted. The average for all measurements was 2.0. However, considering the many approximations in the theory and the less-than-ideal nature of the experiments, this is not surprising. The theory is derived for plane strain, whereas the experiments produced a 3D crack. In the theory, we assume ideal elastic behavior, but the Plexiglas and resin materials are slightly viscoelastic. The theory is exact only for incompressible materials (i.e., for v = l/2). In the experimental materials we had v = 0.35. Our measurements of S for Plexiglas and for the static pressure p 1 are both considered to be in error on the high side, consistent with the discrepancy here.
,eCRACK INITIATION nl)
Additional experiments were conducted by reversing the materials so that the crack was initiated in the resin that served as Medium 1. In this case, the crack propagated through the interface into the Plexiglas with almost no delay or pressure increase as predicted. A second type of experiment using the same Plexiglas and resin materials was conducted with the arrangement shown in Fig. 9 resin faces. A stress of a few psi was -applied to these faces. Grease was injected into the borehole at constant rate. This produced initiation of a vertical crack in the Plexiglas at the borehole. The crack grew both laterally and vertically until it reached the resin interfaces. At this point the vertical extension stopped and the crack grew laterally, as indicated in Fig.  9 , to the edges of the Plexiglas plate. This plastic model is representative of the mode of propagation that can be expected in many reservoir intervals bounded by shales or other lithologically different materials.
TIME-MINUTES
These experimental results confirm the most important basic features of the theory. They show that mechanical property differences alone are sufficient to prevent fracture penetration through a bonded interface provided fluid pressure in the crack remains below a critical value. They confirm that surface energy is one of the important mechanical properties controlling penetration. They also show that fluid pressure in the crack is critically involved in the penetration. If conditions favor containment of the crack at an interface, penetration will not occur until the critical pressure is exceeded. Under normal conditions of brittle crack propagation, if the crack does not penetrate at an interface on initial contact, it will not do so later. The results further show that an interface that favors containment for crack approach from one direction does not impede penetration from the opposite direction.
Although our experiments demonstrated the impor- tance of surface energy in controlling penetration, they have not confirmed the importance of shear modulus. Additional tests with materials having much different shear moduli but roughly equal surface energies would have been desirable.
However, time restrictions prevented additional work along these lines.
Our experimental results with plastic models are consistent with results reported by Daneshy for rock materials bonded with adhesive. Surface energy and shear modulus were not measured in these experiments. However, from fracturability tests, which were included, it can be inferred that the conditions for penetration were at least qualitatively consistent with Eq. 24.
Field Applications
There are numerous examples in field experience where fracturing results are consistent with the equations derived here. Hydraulic-fracturing treatments are frequently carried out in a zone of one lithology overlain by a zone of different lithology bonded along a reasonably sharp interface. Sandstone or limestone intervals overlain by shales are the most common example. Temperature logs obtained before and after fracturing in such cases frequently show that the fracture did not penetrate into the overlying zone.
An example of such a case is shown in Fig. 10 . This figure shows temperature logs run before and after a very large fracturing treatment in a 50-ft [15-m] sandstone interval. The accompanying spontaneous potential (SP) log shows a fairly sharp interface between the sandstone and a thick overlying shale. The temperature logs indicate that there was no penetration of the fracture into the main shale zone. Such temperature logs are subject to various interpretations. 25 However, it is difficult to make a case for vertical fracture growth through the shale in this case. We find the example of Fig. 10 to be typical of much of our fracturing experience.
The theory developed here can expIain Fig. IO and other examples like it, on the basis of mechanical property differences between the two zones. This is not to say that stress conditions do not also play an important role. But stress differences are not required to explain fracture containment or the absence of it in a given case.
Our theoretical results are of little value in predicting fracture penetration in specific field cases. This is because of the difficulties in determining surface energy and shear modulus in earth materials. Such determination would be limited to laboratory measurements in core samples. Even these would be restricted to competent rock intervals. Laboratory measurements in materials such as shales, for example, would have little meaning because of the changes induced by removing the material from the earth. In-situ measurements are also impractical. In-situ methods of measuring surface energy are unknown and it is difficult to conceive of logging or seismic data that could yield this quantity. In-situ determinations of shear modulus from sonic logs are not impractical. However, since rocks are not ideally elastic, there is no assurance that the dynamic modulus from a sonic log would be even approximately equal to the required static value.
The value of the theory is not in predicting results for specific cases but in establishing a general principle. The example of Fig. 10 is not uncommon in fracturing applications. Therefore, it can be assumed that, in many field cases, barriers will exist above and below the productive interval that will prevent vertical fracture penetration at treating pressures below the limit given approximately by Eq. 24. When this is the case, a hydraulically induced fracture will extend vertically to the barriers and stop, as in the plastic model experiment of Fig. 9 . At this point, under normal conditions of brittle crack growth, fluid pressure in the fracture will be declining, or, at worst, remaining roughly constant. Therefore, if fracture penetration did not occur at the barrier initially, it will not occur later, as long as the injection rate is not increased. This means that the fracture will maintain a constant height and grow only laterally away from the wellbore as in the plastic model of Fig. 9 . This is one of the simplifying assumptions made in most theories of fracture propagation. The results presented here show that this assumption is reasonable.
These results should be considered in planning largescale fracturing operations in fields containing many wells. The potential barriers to vertical fracture extension must be guessed at initially. But fracturing experience in the first wells to be treated can be used to identify the barriers if they exist. Provisions should be made to extend the temperature logs well below the treated interval to identify the underlying as well as the overlying barrier. The interval determined in this way can then be taken as the expected fracture height for design of subsequent treatments in the field.
Fracturing-mineback experiments reported by Warpinski et al. l7 have important bearing on our results. These experiments, conducted at the Nevada Test Site, showed that fractures generated in an ash-fall tuff zone penetrated into an overlying welded tuff having considerably higher shear modulus. Surface energies were not measured. However, modulus values, together with physical descriptions, suggest that the welded tuff should have higher surface energy than the ash fall. Therefore, penetration of the fracture into the welded tuff seemingly contradicts Eq. 26. However, the transition between zones is not sharp in this case but consists of several feet of highly varied lithology. Consequently, it is not surprising that our theory is not applicable in this case.
The mineback results emphasize an important point regarding application of our theory. The nature of the interface between dissimilar rock materials is an important factor. The limits of applicability of our simplified theory are difficult to assess in this regard. The welldefined interfaces of our Plexiglas resin models and Daneshy's cemented rock models " will not be found very often in reservoir rock. On the other hand, the interfaces typically exposed in outcrops, roadcuts, and other excavations suggest that sharp transitions between lithologically different rock layers are not rare. However, the applicability of our theory probably depends more on this factor than any other.
Conclusions
An approximate theory has been developed for fracture penetration through an interface between bonded dissimilar materials under uniform stress. The theory shows that mechanical property differences on either side of such an interface can prevent fracture penetration. The product of surface energy and shear modulus is shown to be the dominant factor controlling penetration. When this product favors containment, penetration will not occur until fluid pressure in the crack exceeds a critical value. The critical pressure is related in a simple way to the surface energy/shear modulus products for materials on either side of the interface.
The basic features of this theory have been confirmed by laboratory experiments in plastic models. These experiments verify that mechanical property differences are sufficient to prevent fracture penetration until a critical fluid pressure is exceeded in the crack. They also confirm that surface energy is one of the controlling mechanical properties. However, the experiments did not prove that shear modulus is the other controlling factor.
The theory developed here is of little benefit in predicting fracture containment or penetration in specific field cases. Problems in determining surface energy and shear modulus preclude this use of the theory. Its main value is in establishing a general principle with broad field applications.
Under normal conditions of brittle fracture propagation, penetration of an interface must occur when the crack makes initial contact. Normal decline in fluid pressure in the crack prevents penetration at a later time. In field operations, this can lead to fractures that have constant height throughout most of a fracturing treatment.
This concept should be applied in large field operations involving fracturing treatments in many wells. Temperature logs should be used in initial treatments to recognize interfaces that provide fracture containment. If such interfaces exist, they can be assumed to determine a constant fracture height which can be used for design and optimization purposes. [cm1 
APPENDIX A
Taking uxx to be negligibly small, the stress/strain relations for an orthotropic material with elastic symmetry about the x and y axes can be written as26
We apply to this problem the approximate theory developed in Appendix A. We cannot satisfy all of the boundary conditions at y=O, so we choose to allow the condition aXY =0 to be violated. The normal derivative on the unit circle and on the corresponding points of the x axis are related as Substituting this and the result for eYY from Eq. 1 into the stress/strain relations equation (Eq. A-l) and using the result in the equilibrium equation (Eq. A-2) gives ~=1~l.~]~=,=-Alflsin8.
.
. (B-7)
. 
APPENDIX B
We consider the problem that is fundamental to the Griffith crack propagation theory. t6 This is the problem of the half space v > 0 as shown in Fig. 1 A uniform pressure p 1 is applied inside the crack. The resulting crack width can be obtained from the principle of virtual work, Eq. B-14 identifies G as the shear modulus. In our analysis, 4N is the elastic modulus in plane strain with u, -0. For isotropic media, we should obtain E 4N=-1-v*.
Thus Eq. B-15 is the correct result when v= l/2, which corresponds to an incompressible medium. For v< l/2 Eq. B-15 is not exact, but the error is not large until v becomes small. 
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